Functions of Complex Variables 2020GC

Chapter One

Complex Numbers
The complex numbers were invented for purely mathematical reasons, just like the real numbers

and were intended to make things neat and tidy in solving equations. They were regarded with
deep suspicion by the more conservative folk for a century. Complex numbers are points in the
plane, together with a rule telling you how to multiply them. They are two-dimensional, whereas
the real numbers are one dimensional.

Equations of the form 3x2 + 5 has no solution on the set of real numbers. Therefore, the set of
complex numbers permits us to solve such like equations.

Definition1:The set of complex numbers is denoted by C and is described by C
:{z/z=x+iy, X, yeR and i2=—1}.

From the expression z = x+1y, xis called the real part and is denoted by Re(Z)

y is called the imaginary part and is denoted by Im(Z).
Note: If x = 0, the number is called purely imaginary and if y = 0, the number is called purely

real.

Complex numbers can be defined as an order pair (X, y) of real numbers that can be interpreted

as points in the complex plane (z- plane) with coordinates x and y.

Example 1: Find the real & imaginary part of the following complex numbers :

a) z=3+7i

Solution : real part=3 & imaginary part=7
b) z=1-i

Solution : real part=1 & imaginary part=-1

1.1, Plotting complex numbers

Any complex number z = x+1iy can be drawn in the complex plane as below :
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z=x+ iy
represented as a vector

|
|

-

Example 2: Draw the complex number z = 2+3i
Solution:

I z=2+3i

Equality of Complex numbers

Two complex numbers z, =a+ib and z, =c+id are equal iff a=c &b =d.

Example 3 If z, =2+ix and z, = y+6i are equal, then find the value of x &y.
Solution :

X=6, y=2.

1.2.  Operations on Complex numbers

Let z, =a+ib and z, =c+id be any two complex numbers, then
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1) z,+z,=(a+c)+i(b+d)
i) z,-z,=(-c)+i(b—-d)
i) z,.z, =(a+ib). (c+id)=a(c+id)+ib(c+id) =ac+iad +ibc —bd = (ac—bd) +i(ad + bc)

vy -8+ o,
z, (c+id)
Example 4

If z=2+3i and z, =4+i,then find a) z,+2z, b) z,-2z, ¢) z,.z, d) A
Z2

Sol:a) z,+z, =6+4i
b) z, -z, =-2+2i
C)z,.2, =(2+3i).(4+1) =8+ 21 +12i —3=5+14i
z, 2+3i

d) L=

z, A+i

1.3.  Conjugate of a complex number

Definition2:

The conjugate of a complex number z = x+iy is denoted by z and is defined as z = x-iy. It can

be represented by the point (x, -y) which is the reflection of the point (x, y) about the x-axis.

‘ Imaginary axis

' Z =x+y1
i - Real axis
\E z =x—yi
Example 5: Find the conjugate of the complex number z = 2+9i.
Solution :
z=2+9i

—7=2-0i

Mathematics Dep’t Page 3




Functions of Complex Variables ‘ 2020GC

Properties of Conjugate

a.?:z b. z+E=2x=2Re(z):2[i22]
c. z-z=2iy=2ilm(z) d. z,+2,=2,+1,

— = _— N

e 2,-2,=12,-1, f. z,.2,=2,.2, g (F)==

z,” z,

proof : a)let z=x+1iy
=2z=x-ly
:>;=x+iy
Lz=12

d) Let z, =x, +1y;, &z, =X, +1y,

:>Z_1=X1_iy1 &szz_iY2

Now 4, +1Z, = (X1 +iy1)+(x2 +iy2) = (X1 +X2)+i(y1 + yz) = (Xl +X2)_i(y1 + yz)
:Xl_iY1+X2_iYZ

=7,+1Z,

The others are left for the reader.
1.4.  Modulus (Norm) of a complex number

Definition 2

The modulus of a complex number z = x+iy is a non-negative real number denoted by |z| and is

defined as |z| = /x* + y* . Geometrically, the number |z| represents the distnce between the point
(x, y) and the origin.

(xy. ¥

Example 5: Find the modulus of the complex number z = 3 — 4i.
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Solution: z=3-4i

7| =/(3)% +(-4)* = /25 =5

Properties of modulus

a. || :‘E‘ b.|z[ =2z.2 C. |22, =z |z,
d. [ :ﬂ e |z, + 7| <[z +|z5} oo triangle inequality
2, [

f.|z,—2,|2|z|-|z,]
proof (a) let z=x+iy from which z=x-iy
=z = X +y? = ‘E‘ = X4y
2| = ‘E‘
proof (b) let z=x+iy from which 7= X—1iy
=z" =x? +y?
Now z.z =(X+iy).(x—iy) = x2 + y?
=2z
proof (¢) |2,.2,|" = (2,.2,)(2,-2,) = (2,.2,)(2,.2,) = 2,.2,.2,.2,
=z Jz.|
S (EA 2 ) from (b)

= ‘zl.zz‘ =|z,}.|z,|

2 — 2 2
proof (d) |- _ (@) 12 =(@j
2| 2,(z) 7,0 |z
AR
z,| |z,

The others are left for the reader.
1.5.  Additive and multiplicative inverses
Let z = x+iy be a complex number, then
1) its additive inverse denoted by (-z) is givenby: —z = —(x+iy) =—-x—1y.
1 X 'y

ii) its multiplicative inverse denoted by z™ is givenby: 7" = ——=——-———.
X+iy xX*+y? x*+y
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Example 6: Find the additive and the multiplicative inverse of z = 3+4i.

Solution: z=3+4i

i) —z=-3-4
A S 3-4i_3 4
3+4i 3+4i 3—-4i 25 25
Exercise
1. Verify that
a) (V2-i-i@-+2i)=-2i b) (2,-3) (-2,1) = (-1, 8)

¢) 3,1 (3 -1) (%, %) -2, d) (2+3i)2 - (3i—6)=1+09i

2. Show that
a) Re(iz) =—-1m(2) b) Im(iz) = Re(z) c) (z+1)*=z*+2z+1
3. Do the following operations and simplify your answer.
1+2i 2-i 5i i
— b 1-i)°
3 34 ) The—veo) AR

4. Locate the complex numbers z1+z, and z1-z», as vectors where

a) 21:2i,22:§—i b) z, =(—/3,1) , z,=(+/3,0)
) z,=(-3,1), z, =(L 4) d) z,=a+ib, z, =a—ib

5. Sketch the following set of points determined by the condition given below:
a)|z-1+il=1 b) |z+il<3 c) |z—4i]>4

6. Using properties of conjugate and modulus, show that

a) z+3i=z-3i b)iz=-iz c) (2+i)? =3-4i
7. Showthat (—1+i)" =8(-1-1).
8. Using mathematical induction, show that (whenn=2,3,...))

Q) 2, +Z,++2,=2,+2,+ 412, b) 2,z,---2,=2,2, -+ 1

n

9. Show that the equation | z -z, |= r which is a circle of radius r centered at z, can be
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written as | z |> —2Re(z z)+| z, [*=r?.

1.6 Argument (Amplitude) of a complex number

Definition 2.15

Argument of a complex number z = x+iy is the angle formed by the complex number z = x+iy

with the positive x-axis. The argument of a complex number z = x+iy is deonted by argz and is
given by arg(z) = tan‘l(%).

The particular argument of z that lies in the range — 7z <@ < r is called the principal argument of
z and is dented by Argz.

Notes:i) Argze (-7, 7]
i) If 0<Argz<z, move counterclock wise direction, if not move the other direction.

Example 2.50: Find the principal argument of the following complex numbers:

a) z=1+i b) z=-2+23i C) z=—+/3—i
Sol: a) z=1+i

Argz =tan*(¥)=tan () ==
rgz = tan (%) an (1) 4

b) z=-2+2/3i
Argz =tan™ (2\/5/2): tan *(—+/3) = 2?”

c) z=-v3-i
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1.6.1. Properties of Arguments

1) Arg(z,.z,) = Argz, + Argz, i) Arg(i) = Argz, —arg z,
z

2

2+2|

Example 4: Find the principal argument of a) (1+i)(-1-i) b) ( )

Solution :

a) Arg (1+1)(-1-i)=Arg (1+i)+Arg (- /+ 377 /
-2+2i
b)Arg(l )= Arg (-2+2i) - Arg (1-1) =37/, - (- 7y =47/ = 7

1.6. Polar form of a complex number

Definition 2.16

Let rand @be polar coordinates of the point (x, y) of the complex number z = x+iy. Since x =

rcos@and y = rsin @, then the complex number can be written as : z=r(cosd+isin ) which

is called polar form, where r is modulus of zand & is principal argument of z.

Example 2.52: Express the following complex numbers in polar form:

a)z=1+i

solution: r=+/2 and @ =tan*(1) = %.Thus, zZ= \/E(cos% +1isin %).
b) z=3-3i
solution: r=+/18 and 0=tan’1(—l)=—%.
Thus, z:\/ﬁ(cos—%ﬂsin—%):\/E(cos%—isin %).

Multiplication and division in polar forms

If z, =r(cosd, +isin @) and z, =r,(cosd, +isin 4,), then

8) 2,.2, = 1,.1,(COS(6, + 6,) +isin(6, +6,)) b) =" (cos(g, - 6,) +isin(8, - 6,)).

2 r2
Proof:
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a) z,.2, = (cos @, +isin ,).r,(cos b, +isin 6,)
=1,.1,[cos g (cos &, +isin 6,) +isin 6,(cos b, +isin 6,)]
=1,.1,[cos 6, cos b, +icosé, sin 6, +isin 6, cosd, —sin 6, sin 6,]
=1,.1,[cos &, cos b, —sin &, sin &, +i(cos G, sin 6, +sin 6, cosb,)]
=1,.1,[cos(6, +6,) +i sin( 6, + 6,)]

)i: r(cosé +isind) 1 ( cosd +isin 6
z, r,(cos@,+ising,) r,|cosd,+isinb,

_ 1 [ cos@ +ising, | cosd,—isin b,
r, | cosé, +isin 6, | cosd, —isin 6,
_ I, ( cos@, cosé, —icosd,sin G, +isin 6, cos b, +sin 6, sin 6,
r, cos’ @, +sin’ 6,
_ I, (cosé, cosb, +sin G,sin 6, +i (sin 6, cos, —cos b, sin 6,)
r, 1

- :_1[(;03(91 —0,)+isin(6, - 6,)]

2

Example 2.53: If z, = 6(cos7T2+isin %) and z, = 2(cos”3+ isin %), then find

z
a) 2,12, b) Z—l
2

Solution :

a) z,.z,=6. 2[005(% +%) +isin( % + %)]
=12 [cos5%+isin 5%]

b) 2 :g[cos(% ) +isin( T ~ 7))

z

= 3[005% +1isin cos%]

1.7.1 Argument of a product

The argument of the product of two complex numbers is the sum of their arguments.
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Proof:
Let z, =r,(cosé, +ising,) and z, =r,(cosé, +isind,).

Now z,.z, =r,(cos g, +isin 6,).r,(cos b, +isin 6,)
=1,.1,[cos 8,(cos 8, +isin &,) +isin G,(cos &, +isin 6,)]

=1,.1,[c0s 6, cos &, +icos b, sin &, +isin &, cos b, —sin 6, sin 6,]
=1,.1,[cos @, cos b, —sin 6, sin 6, +i(cos g, sin &, +sin 6, cosb,)]

=1r,.r,[cos(6, + 6,) +i sin( 6, + 6,)]
sin( 6, + 6,)

cos(é, + 6,)

= tan "~ (tan( &, + 6,))

= arg(z,.2,) = tanl(

1.7.2. Argument of a quotient

The argument of the quotient of two complex numbers is the difference of their arguments.

Proof:

z _ _
arg(z—l) =arg(z,.z, ") =arg(z,) +arg( z, ') =arg(z,) +—(arg z,) = arg(z,) —arg( z,)
2
—4

Example 2.54: ar = arg(—4) —arg(1++/3i) = 7 - T/, = 27
p o757 = U —arg(1+30) = 774 = 271
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De Moivre’s Formula

recall the product: z,.z, =r,.r,[cos(6, +6,)+isin( 6, +6,)].
Similarly, we get z,.z,.---.z, =1.1,.---.1, [cOS(6, + 6, +---+ 6,) +isin( 6, + 6, +---+ 6,)].
Now we can generalize that z" =r"[cos(@+ 8 +---+0) +isin(O+ 6O +---+ )]
=r"[cosn@ +isin nd] which is called De Moivre's formula.

100

Example 2.55: Express (2+ 2i)™" in polar form.

Solution: Let z=2+2i.Then, r = \/5, 0= % and hence
(2 + 2i)100 — ZlOO
= /8" [c0s100(%/;) +isin 100(7/;)]

=8>[cos 257 +isin 257].

Example 2.56: Express (v/3+1)% in polar form.

Solution: Let z=+/3+i.Then,r=2, 0:%.
oo (B0 =2
= 2%[c0s 60(7%/5) +isin 60(7/)]

=2%[co0s107 +isin 107].

Euler’s formula

The complex number z =r(cos@+isin @) can be written in exponential form as: z = re'’ which

is called Euler’s formula.

Note: z" =r"(cosn@+isin ng) =r"e'"”

Example 2.57: Express the complex number z = 1+i using Euler’s formula.
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Solution: z=1+i

Now r=+2 & 6’:% :>z=re‘5=\/§e%

Example 2.58: Express the complex number z =1++/3i using Euler’s formula.
Solution : z =1+ +/3i

_ _TT N ﬁ%
Now r=2 &H_A = z=re"” =2e

Example 2.59: Express the complex number z = (v/3+1i)” using Euler’s formula.

Solution :z = (\/3+i)’
Tn

Tn
Now r =2, 9:% —(/3+1)7 =27e 6 =128e¢ 6
1. 8 Extraction of roots

Suppose z, =r,e'* is the n™ root of a non - zero complex number z =re'’, where n > 2.
Then, z," = z,which implies that r,"e"* = re'’

:>r0n:r &n90:9+2k72', kZO,l, 2i'“(n_1)'

:>ro=(r);/n & 00:Q+2k—”
n n
A 102 PRI th
z,=(r)’"(e ™ ™) which is the n™ root of z, wheren=2,3,--- and k= 0,1,2,---(n-1)

i1 27
or we can denoteit by C, as : C, :(r)%(e nny, k=012--(n-1

Example 2.61: Find the cube roots of the complex number z = 8i.

Solution: We havez =8i. Here r=8, 6=7%

.0 2krz
i(———)
n n )

T ok

38

—C, =(8)%(e"

o n=3 k=0,1, 2.

Hence, C, =(r)%(e

)

—c, =207
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i) If k=0, CO=2(ei(%))=(cos%+isin%)=2(§+i = J3+i

E)
i) If k=1, C, =2("7"7%) = 2(cos57 +isin 57/) = 2(_7‘/§ +%) =3 +i

i) If k=2, C, =2("7"7¥) = 2(cos 37 + isin 37) = 2(0+ i) = 2i

~. The cube roots of 8i are C, =~/3+i , C,=—/3+i &C, =-2i.

Exercise 2.4

1. Find the argument of the following complex numbers:

a) z:% b) z=(/3-i)°
-1-i
2. Show that a) |e" |=1 b) e =g

3. Using mathematical induction, show that e'%. e'%. ... e'% =@+ +h) 'n—-2 3 ...

4. Show that a) cos36 = cos® @ —3cosésin > 0 b) sin 30 = 3cos® @sin & —sin> 6

__on+l

5.Showthat 1+ z+z%+---+2" = 12 , for z=#1.
—z

6. Find the square roots of z = 9i
7. Find the cube roots of z = — 8i

8. Solve the following equations:

) 272 =8 b)z?+4i=0 ¢)z22—4i=0
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