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Chapter One 

Complex Numbers 

The complex numbers were invented for purely mathematical reasons, just like the real numbers 

and were intended to make things neat and tidy in solving equations. They were regarded with 

deep suspicion by the more conservative folk for a century. Complex numbers are points in the 

plane, together with a rule telling you how to multiply them. They are two-dimensional, whereas 

the real numbers are one dimensional. 

Equations of the form 3𝑥2 + 5 has no solution on the set of real numbers. Therefore, the set of 

complex numbers permits us to solve such like equations. 

 

Definition1:The set of complex numbers is denoted by ℂ and is described by ℂ

 1,,/ 2  iandyxiyxzz . 

.)Im(

)Re(,exp

Zbydenotedisandpartimaginarythecalledisy

ZbydenotedisandpartrealthecalledisxiyxzressiontheFrom 

 

Note: If x = 0, the number is called purely imaginary and if y = 0, the number is called purely 

real. 

Complex numbers can be defined as an order pair (x, y) of real numbers that can be interpreted 

as points in the complex plane (z- plane) with coordinates x and y. 

 

Example 1: :& numberscomplexfollowingtheofpartimaginaryrealtheFind  

7&3:

73)





partimaginarypartrealSolution

iza
 

1&1:

1)





partimaginarypartrealSolution

izb

 

1.1. Plotting complex numbers 

:belowasplanecomplextheindrawnbecaniyxznumbercomplexAny   
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Example 2:  Draw the complex number z = 2+3i 

Solution: 

  

Equality of Complex numbers 

.&21 dbcaiffequalareidczandibaznumberscomplexTwo   

Example 3 .&,62 21 yxofvaluethefindthenequalareiyzandixzIf   

.2,6

:

 yx

Solution
 

 

1.2.  Operations on Complex numbers 

thennumberscomplextwoanybeidczandibazLet ,21   
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
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1.3.  Conjugate of a complex number 

Definition2: 

The conjugate of a complex number z = x+iy is denoted by z   and is defined as z  = x-iy. It can 

be represented by the point (x, -y) which is the reflection of the point (x, y) about the x-axis. 

 

 

 

Example 5: Find the conjugate of the complex number z = 2+9i. 
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Properties of Conjugate 
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
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The others are left for the reader. 

1.4. Modulus (Norm) of a complex number 

Definition 2 

The modulus of a complex number z = x+iy is a non-negative real number denoted by |z| and is 

defined as |z| = 22 yx  . Geometrically, the number |z| represents the distnce between the point 

(x, y) and the origin. 

 

 

Example 5: Find the modulus of the complex number z = 3 – 4i. 
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Properties of modulus 
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The others are left for the reader. 

1.5. Additive and multiplicative inverses 

Let z = x+iy be a complex number, then 

.
1
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.)(:)()
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x
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zbygiveniszbydenotedinversetivemultiplicaitsii
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


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Example 6: Find the additive and the multiplicative inverse of z = 3+4i. 
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Exercise  

1. Verify that 

iiidc

biiiia

91)63()32())1,2()
10

1
,

5

1
()1,3()1,3()

)8,1()1,2()3,2()2)21()2()

2 



 

2. Show that  

12)1())Re()Im())Im()Re() 22  zzzczizbziza  

3. Do the following operations and simplify your answer. 

3)1()
)3()2()1(

5
)

5

2

43

21
) ic

iii

i
b

i

i

i

i
a 









 

4. Locate the complex numbers z1+z2 and z1-z2, as vectors where 

ibazibazdzzc

zzbiziza





2121

2121

,))4,1(,)1,3()

)0,3(,)1,3()
3

2
,2)

 

5. Sketch the following set of points determined by the condition given below: 

4|4|)3||)1|1|)  izcizbiza  

6. Using properties of conjugate and modulus, show that 

iicziizbiziza 43)2())33) 2   

7. Show that ).1(8)1( 7 ii   

8. Using mathematical induction, show that (when n = 2, 3, . . . ,)  

nnnn zzzzzzbzzzzzza  21212121 ))   

9. Show that the equation rzz  || 0  which is a circle of radius r centered at 0z  can be 
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written as .||)Re(2|| 22

0

2 rzzzz   

 

 

1.6 Argument (Amplitude) of a complex number 

Definition 2.15 

Argument of a complex number z = x+iy is the angle formed by the complex number z = x+iy 

with the positive x-axis. The argument of a complex number z  = x+iy is deonted by argz and is 

given by arg(z) = ).(tan 1

x
y  

The particular argument of z that lies in the range    is called the principal argument of 

z and is dented by Argz. 

 
.,,0)

.,):

directionotherthemovenotifdirectionwiseclockcountermoveArgzIfii

ArgziNotes









 

 

Example 2.50: Find the principal argument of the following complex numbers: 

izcizbiza  3)322)1)  

3

2
)3(tan)

2
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322)

4
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1
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1):

11

11













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3
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1.6.1. Properties of Arguments 

21
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Example 4: Find the principal argument of  )
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





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iArgiArg
i

i
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1.6. Polar form of a complex number 

Definition 2.16 

Let r and  be polar coordinates of the point (x, y) of the complex number z = x+iy. Since x = 

cosr and y = sinr , then the complex number can be written as : )sin(cos  irz   which 

is called polar form, where r is modulus of z and  is principal argument of z. 

 

Example 2.52: Express the following complex numbers in polar form: 

 

).
4

sin
4

(cos2,.
4

)1(tan2:

1)

1  izThusandrsolution

iza






        

    

).
4

sin
4

(cos18)
4

sin
4

(cos18,

.
4

)1(tan18:

33)

1





iizThus

andrsolution

izb







  

Multiplication and division in polar forms 

)).sin()(cos()))sin()(cos(..)

,)sin(cos)sin(cos

2121

2

1

2

1
21212121

22221111









i
r

r

z

z
birrzza

thenirzandirzIf

 

Proof:  
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)]sin()[cos(.

)]cossinsin(cossinsincos[cos.
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Example 2.53: findthenizandizIf ),
3

sin
3

(cos2)
2

sin
2

(cos6 21
   
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1.7.1 Argument of a product 

The argument of the product of two complex numbers is the sum of their arguments. 
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Proof:  

.)sin(cos)sin(cos
22221111
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1.7.2. Argument of a quotient 

The argument of the quotient of two complex numbers is the difference of their arguments. 

 

Proof:  

)arg()arg()(arg)arg()arg()arg().arg()arg( 2121

1
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1
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2

1 zzzzzzzz
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z

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Example 2.54: 
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De Moivre’s Formula 
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Example 2.55: Express 100)22( i  in polar form. 
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4
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Example 2.56: Express 60)3( i  in polar form. 

 

.]10sin10cos[2
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6
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6
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)3(

.
6

,2,.3:
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







 

 

Euler’s formula 

The complex number )sin(cos  irz   can be written in exponential form as: irez   which 

is called Euler’s formula.   

 
)()sin(cos:  ninnn erninrzNote   

 

Example 2.57: Express the complex number z = 1+i using Euler’s formula. 
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
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Example 2.58: Express the complex number iz 31  using Euler’s formula. 

32
3
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31:

i
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
 
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Example 2.59: Express the complex number 7)3( iz   using Euler’s formula. 
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1. 8 Extraction of roots 
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o
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o
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o
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o
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


















 

 

Example 2.61: Find the cube roots of the complex number .8iz   

)(2

)()8(

)()(,

.2,1,0,3,
2

,8.8:

)
3

2

6
(

)
3

2

3

2(
3

1

)
2

(1










k
i

k

k
i

k

n

k

n
i

n
k

eC

eC

erCHence

knrHereizhaveWeSolution














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iiieCkIfiii

i
i

ieCkIfii

i
i

ieCkIfi

i

i

i

o

2)0(2)
2

3sin
2

3(cos2)(2,2)

3)
22

3
(2)

6
5sin

6
5(cos2)(2,1)

3)
22

3
(2)

6
sin

6
(cos)(2,0)

)
3

4
6

(

2

)
3

2
6

(

1

)
6

(

























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Exercise 2.4 

      1.  Find the argument of the following complex numbers: 

6)3()
1

3
) izb

i

i
za 


  

     2.  Show that  iii eebea  )1||)  

      3. Using mathematical induction, show that  
,3,2,...

)( 121 


neeee nnn iiii 
 

      4. Show that  3223 sinsincos33sin)sincos3cos3cos)  ba  

     5. Show that .1,
1

1
1

1
2 








zfor
z

z
zzz

n
n  

      6. Find the square roots of z = 9i 

      7. Find the cube roots of z =   8i  

      8. Solve the following equations: 

        iza 8) 2
3

    04) 2  izb    04) 2  izc    

 


